arXiv: 1505.06653vl [math.NT] 25 May 2015 


3/5/2014 


Solving simultaneously Thue equations 
in the almost totally imaginary case 

Claude Levesque and Michel Waldschmidt 

Abstract 

Let a be an algebraic number of degree d > 3 having at most one real conjugate 
and let K be the algebraic number field Q(a). For any unit e of K such that 
Q(ae) = I\, we consider the irreducible polynomial f e (X) £ Z[V] such that 
f e \as ) = 0. Let F e (X,Y) = Y d f e (X/Y) £ Z[X,Y] be the associated binary 
form. For each positive integer to, we exhibit an effectively computable bound 
for the solutions (x,y,e) of the diophantine equation \F e (x,y)\ < to. 


1 The main theorem 

Let a be an algebraic number of degree d > 3 over Q. Denote by K the 
algebraic number field Q(a), by / £ Z[X] the irreducible polynomial of a over 
Z, by Z£ the unit group of K. For any unit e £ Zf- such that Q(ae) = K, 
we denote by f s (X) £ Z[X] the irreducible polynomial of ae over Z (unique 
if we require the leading coefficient to be > 0) and by F e {X,Y) £ Z[X,Y] the 
irreducible binary form associated to f £ (X) via the condition F e (X, 1) = f E {X). 


A particular case of Corollary 3.6 of [1] (dealing with Thue-Mahler equations, 
though Thue equations are involved in this paper), is the following one. 

Theorem 1. Let m be a rational positive integer. Then the set 8, where 
8 = {(x,y,e) £ Z 2 xZ^ | xy ^ 0, Q(ae-) = K and \F e (x,y)\ < to}, 
is finite. 

The proof in [T], involving Schmidt’s subspace theorem, allows to give an 
effectively computable upper bound for the number of elements of 8 as a function 
of to, d and the absolute logarithmic height h(a) of a (whose definition will be 
reminded below), but does not allow to give a bound for the heights of the 
elements of 8. The main result of this paper gives an effectively computable 
upper bound for the solutions in the particular case where the algebraic number 
field K has at most one real embedding into C. 

Theorem 2. Suppose that the algebraic number field K has at most one 
real embedding. Then there exists an effectively computable constant K\ > 0, 
depending only on a, such that, for all m > 2, each solution (x, y, e) £ Z 2 x Zf. 
of the Thue inequality \F e (x, y)\ < m with xy 0 and Q(ae) = K satisfies 

max{|a;|, \y\, e h ^ ae ^} < m'®. 
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The conclusion of Theorem [2] can be stated with the use of the norm N^/q, 
since N if /q(X — aeY ) = af 1 F S (X, Y)\ for (x,y,e) £ Z 2 x Z^- with xy ^ 0 and 
Q(ae) = K, one has 

\N k /q(x - aey)\> K 2 max{\x\, \y\, e h(ae) } K3 

with two effectively computable positive constants s[ 2 ] and s[ 3 ] depending only on 

a. 

If the algebraic number field K has a unique real embedding into C, the 
degree d of K is odd and K has (d — l)/2 pairs of complex embeddings. In the 
particular case d = 3, namely for a cubic field K , the hypothesis that there is 
only one real embedding boils down to requiring that the unit rank of A' be 1 , 
and this particular case of Theorem [2] was obtained in [2] . 

When K has no real embedding, namely when K is totally imaginary, the 
degree d of K is even and K has d/2 pairs of complex embeddings. It looks like 
the totally imaginary case of Theorem [2] is not trivial and requires a diophantine 
argument. Only the case of a Thue equation is elementary (and not a family of 
such equations). 

Lemma 3. Let F(X, Y ) £ Z[X, Y] be a binary form of degree d with integer 
coefficients and without a real root, (so F is a product over R of definite positive 
quadratic forms). Then there exists an effectively computable constant K 4 such 
that, for each m > 0, each solution ( x,y ) £ Z 2 of the Thue inequality 

\F{x,y)\ < to 


satisfies 

max{|:r|, \y\} < ^yn 1/d . 


Proof. Write 

n 

F(X,Y) = aoH(X - aj Y)(X -OjY), 
i =1 

where n = d/2, where ao is the leading coefficient of F{X, 1), while ctj and ctj 
(j = 1,..., n) are the roots of F(X, 1). Since 

I* - ckj' 2 /| = \x - ajy\ > |Im(aq-)l ' \y\, 

where Im( 2 :) is the imaginary part [z — z)/2i of the complex number z, we have 

n 

\y\ < K 5 rn 1/d with S[ 5 ]= \ao\~ 1/d |Im(aq)r 2/d . 

3 =1 

If 

N < 2 ( max \otj\) \y\, 

\!<]<n J 
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the proof of Lemma [3] is complete. Otherwise, 
j = 1,..., n, and we get 


\x\ < 2 



we have 


which concludes the proof. 


ajy\ > \x\j2 for 


o 


The hypothesis that there is at most one real embedding will play an essential 
role in the proof of Theorem [2j However, a significant part of the proof is valid 
without this hypothesis, and we plan to pursue our work on the subject. 

Example. Let D > 2, c £ {1, —1} and let K = Q(9) with 9 = (1 + i)\/D i + c. 
It is a result of Stender 0] that 

a = e = D 2 + D9 + ] ) 9 2 

is the fundamental unit of K . Notice that 9 4 = —4(D 4 + c) and |e| > 1. The 
minimal polynomial of e is 

/(X) = X 4 - 4 D 2 X 3 + ( 8 D 4 + 2c)X 2 + 4cD 2 X + 1 


with 

f(X) = (X - Sl )(X - e 2 )(X - e 3 )(X - e 4 ) 

where £ 1 , £ 2 , £ 3 , £4 are the conjugates of a = £ 1 . Since X 4 f{—c/X) = f{X), 
we can choose £3 = —CEj" 1 and £4 = — ce^ 1 ■ For n £ Z, define f n (X), a n , b n , 
c n by 

X 4 + a n X 3 + b n X 2 + c n X + 1 = (X - e?)(X - £2) (X - £3) (X - e J) 


and 

fn(X) = (X - £? +1 )(X - 4 +1 )(X - £" +1 )(X - S2 +1 ), 

so that 

fn{X) = X 4 + a„+iX 3 + b n + 1 X 2 + c n +iX + 1. 

Using once more the relation X 4 /(—c/X) = /(X), we deduce 

c n = a- n = (- c) n a n and b- n = b n 

for n £ Z. The sequence (a n ) ne z satisfies the linear recurrence equation 

&n+ 4 — 4 Zt 2 a n _)_3 + (84? 4 + 2c)a n j r 2 + 4cZ? 2 a n _)_i + a n = 0 

with the initial conditions a_i = 4 cD 2 , a 0 = —4, Gq = —4D 2 , a 2 = 4c. The 
sequence (c ra ) nS z is given by c„ = a_ n for n £ Z, while the sequence (b n ) n <z z 
satisfies the linear recurrence equation 

^n+6 — ( 8 .D 4 + 2c)6„_(_5 — (16cl? 4 + l)6 n+ 4 

— (16D 4 - 4c)6„ + 3 - (16c.D 4 + l)& n+2 - ( 8 D 4 + 2c)b n+1 + b n = 0, 
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with the initial conditions 


' b- 2 = 64D 8 + 64cD 4 + 6 , 

b_ ± = 8 D 4 + 2 c, 

b 0 = 6, 

6-1 = 8D 4 + 2c, 

b 2 = 64 D 8 + 64cD 4 + 6 , 

, 6 3 = 512D 12 + 1768 D 8 c + 264D 4 + 2c. 

Set 

F n (X,Y) = Y 4 f n (X/Y), 

so that 

F n (X, Y) = (X- £” + 1 F)(X - e” + 1 y)(X - e™ + 1 Y)(X - e^ + 1 Y). 

Let m be a rational positive integer. Denote by 

£ = {(x,y, n) € Z 3 | xy ^ 0, n / -1 and \F n (x,y)\ < to} 

the set of solutions of the Thue inequality \F n (X,Y)\ < to. Then from 

Theorem [2] we deduce the upper bound 

max{|a;|, \y\, |£| |n| | ( x,y,n ) £f}< k 6 to K7 , 

where s[e]and sjTjare positive constants depending only on D. 


Let us denote by 4> = {ay,..., a a} the set of embeddings of K into C. Let 
us write the irreducible polynomial / of a over Z as 

f(X) = a 0 X d + ai X d - 1 + ...+a d G Z[X], 

SO 

d 

f(X) = a 0 “ °i( a ))> 

i—1 

and the irreducible binary form associated to F £ Z[X, Y] is 

F(X, Y) = Y d f{X/Y) = a 0 X d + c^X^Y + • • • + a d Y d . 

For £ £ Z^- satisfying Q(a£) = K , we have 

d 

F s (X,Y)=a 0 IK*- <ri(ae)Y) € Z [X,Y], 

i=l 

Let us denote by h the absolute logarithmic height and by M the Mahler 
measure. Hence, 

h(a) = \ logM(a) where M(a) = ao TT max{l, |< 7 i(a)|}. 
a tr,, 
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2 Tools 


In this section, let us put together the auxiliary lemmas which will prove 
useful. We will use some results in geometry of numbers to establish an equiv¬ 
alence of norms (Lemma p|. Then we state in Lemma 6 what is Lemma 2 of 
[2]. Finally in Proposition| 8 ] and in Corollaries [9] and 10 we exhibit some lower 
bounds of linear forms of logarithms of algebraic numbers. 


2.1 Equivalence of norms 

Let K be an algebraic number field of degree d. We denote by e\,... ,e r a 
basis of the unit group of K modulo Kf ors and we suppose r > 1. Let us recall 
that the house of the algebraic number 7 , denoted pyj , is the maximum of the 
absolute values of the conjugates of 7 . 

Let us first remark that there exists a positive constant Kg, depending only 
on ei,..., e r , such that, if ci,..., c r are rational integers and if we let 

7 = ef ■ ■ ■ with C = max{|ci|,..., |c r |} 

be a unit of K , then 

e - dSP < ^( 7 ) | < e'llf (4) 

for any embedding ip of K into C. More precisely, the inequalities 

r r 

i^7)i<n^ c and k(7 _i )i <n^ c 

i—l i—1 

(note that [ej~| > 1 ) suggest to take 


X! log ^- 

2—1 

The following result, Lemma [5j is a variant of Lemma 5.1 of [3j. It shows 
that the two inequalities of Q are optimal. They make C appear as an upper 
bound, while the two inequalities of the conclusion of Lemma [5] make C appear 
as a lower bound. 

Lemma 5. There exists an effectively computable positive constant Kg, de¬ 
pending only on e±,..., e r , with the following property. If c ±,..., c r are rational 
integers and if we let 

7 = e ? 1 • • • efr, C = max{|ci|,..., |c r |}, 
then there exist two embeddings a and t of K into C such that 
|cr('y)I > an d |t( 7)| < WdH 7 . 

Obviously, i^\< 
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Proof. For any embedding ip of K into C, we have 


log 1 ^( 7 ) I = Cl log Iv?(ei)| +-b c r log \ip(e r )\. 

The matrix (log |y>(ei)|), with d lines and r columns, where the indices for the 
lines are the ip's of $ and the indices for the columns are the j’s of the set 
{1,2,..., r}, has rank r. Therefore we can write ci,..., c r as linear combina¬ 
tions of the elements log |<p(y)|, whose coefficients in absolute values have upper 
bounds which are functions of the regulator of K. Hence 

maxUdl,..., |c r |} < k 10 max (log |<p(7)l)- 
Let us take for a an element of >I> such that |cr(y)| be maximal: 


H7)l 


max \<p{i) |. 


This leads to 

C < Aqrnjlog | < 7 ( 7 ) 1 , 

providing the conclusion for <7 with ^ • 


We next apply this result to 


7- 1 = er ci 


e 


— C r 

r 


If r is an element of $ such that |r( 7 )| be minimal, namely 


|r(7)| = minify) I, 

then we have 

C < s[jo]log|r (y^ 1 ) |. 


□ 


Remark. Under the hypotheses of Lemma [5] if 70 is a nonzero element of 
K and if we let 71 = 707 , we deduce 

e - ® 7 < m in I ip (1 70 1 1 ) ^( 71 ) I < e - ® 7 

and 

edS f < max I ip (| 7 o| _1 ) <^( 7 i)| < e® 7 . 

1 1 

To benefit from these inequalities, we will use the estimates 
|^(7o) I < [To] < e dh(7o) and h (y^ 1 ) = h(y 0 ) 
from which we deduce 

e -»nF-<fli(Tto) < m i n |(/?(y 1 )| < e -'fiF+«« h ('w) 

and 

e ^p-dHio) < max |yj(y 1 )| < e nF+dh( 7o )_ 

<p 

The term dh(yo) always appears as an upper bound, and as an error term. Note 
also that the constant sjs] is large (it appears in the upper bounds), while the 
constant ft|g] is small (it comes into play in some lower bounds). 
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2.2 Upper bound involving the norm 

Given an algebraic number 7 of degree < d and norm < to, there exists a unit 
e in the field Q(a) such that the conjugates of £7 are bounded from above by 
a constant times m 1 ^ d . This is a consequence of Lemma A.15 of [3], a result 
which we want to state; (this is also Lemma 2 of [2]). 

Lemma 6. Let K be an algebraic number field of degree d with regulator R 
and let 7 be a nonzero element of Z^- whose norm in absolute value is to. Then 
there exists a unit £ £ Z^- such that 


1 

R 


max 
1 <3<d 


log (m 1/c Vi(£ 7)1) 


is bounded from above by an effectively computable constant depending only on 
d. 

Remark. The unit e £ Z^- may come from the group generated by the 
basis of the unit group modulo the torsion. In other words, the torsion elements 
do not come into play because of the absolute values which appear in |ctj- (£ 7 ) |. 

We use this lemma in the same way we did in [2J: there exists an effectively 
computable constant Kn, which is a function of d and R, such that, if 7 is a 
nonzero element of Z k whose norm has an absolute value < to, then there exists 
a unit £ £ Zfi such that 


max .\(Jj{ei) \ < i^nfn ' . 

1 <3<d 

We will suppose to > 2 and we will rather use the weaker upper bound 

max ,M£7)| < rn'EH (7) 

1 <3<d 

with k 12 , an effectively computable constant which can be calculated as a func¬ 
tion of d and R. 

2.3 Diophantine tools 

In this section, we are given two positive integers s and D ; the constants 
«i 3 , «i 4 and «i 5 depend only on s and D and are effectively computable. 

Here are the hypotheses and notations common to Proposition [ 8 ] and to 
Corollaries |9|and |10| Let 71 ,..., y s be algebraic numbers in an algebraic number 
field of degree < D. Let ci, ..., c s be rational integers. Suppose 7 ^ • ■ ■ 7 °” ^ 1. 
Moreover, let Hi ,..., H s be real numbers > 1 which satisfy 

Hj > h(7j) (1 <j<s). 

We will use the following particular case of Theorem 9.1 of |5] (see Proposition 
9.21 of 0). 
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Proposition 8 . Let Ai,..., A s be complex numbers such that jj = e Xj for 
all j £ {1,..., s}. Put 

A = ciAi + • • • + c s X s . 

Suppose Hj > for j = 1,..., s. Let Cq be a real number satisfying 


Cq > 2 , Co > max 


o ^ 


i<j<s 1 H, 


H s 


Then 

|A| > exp{-i^H 1 ■ ■ ■ if s log C 0 }. 

Note that the hypothesis 7/ 1 • • • 7 °° 7 ^ 1 implies A / 0. Proposition [ 8 ] will 
be used via the following corollary. 


Corollary 9. Suppose Hj < H s for 1 < j < s. 
satisfying 


Ci > 2 , Ci > max 
1 <3<s 



Let Ci a real number 


Then 


iTi 1 '' • 7s s - 1 1 > exp{-^[T4lffi • ■ ■ H s log C\ }. 


Proof. Under the hypotheses of Corollary [9j we choose an embedding of the 
algebraic number field K = Q( 7 i,..., 7 s ) into C. From the definition of the 
absolute logarithmic height h, we deduce ly, < e Dh ^ j) for j = We 

introduce some real numbers 17 ,..., u s via the conditions 

To = \Tj\e 2mVj , -1 < Vj < 1 (1 < j < s ) 


and we put 

Aj = log | 7 j I + 2inuj (1 < j < s). 

In other words, A j is the main determination of the logarithm of 7 j. In partic¬ 
ular, e Xj = 7 j and \Xj\ < DHj +2n (1 < j < s). Write 

Aq = C 1 A 1 + • • • + c s A s . 


So 


= Ti 


‘ 7s s 7^ 1- 


Note also A the main determination of the logarithm of 7 'f 1 • • • 7 °°. So there 
exists c 0 e Z such that A = 2inco + A 0 . We may suppose |e A — 1| < 1/2; 
otherwise, the conclusion of Corollary [ 9 ] is trivial; we deduce (for instance, see 
Lemma 3 of 0 ) 

|A|<2| 7l Cl ---7^—1|. 


In the same vein, write Ao = 2in, 70 = 1, Hq = 27t, so 
A = Cq Aq + C 1 A 1 + • • • + C S A S . 


From the upper bound |A| < 1, we deduce 


2tt|c 0 | < l + E|cA'l < 1 + J2( dh j + 27r )M- 
i=i j=i 


Therefore the inequalities 


and 


Ci>%-\ Cj \, Hj> 1 (1 <j<s) 


1 1l-( 1 L + ^ + s]Ci - 2sDCi 


allow us to use Proposition [8] with s replaced by s + 1 and AsDCi playing the 
role of Co- This concludes the proof. □ 

The following particular case of Corollary [9] is also deduced from Corollary 
9.22 of 0. 

Corollary 10. Let C 2 be a real number satisfying 
C 2 > max{2, |ci|,..., |c s |}. 


Then 

\tT • ■ • 7s" - !| > exp{— Ajisjffi ■ ■ ■ H s log C 2 }. 

3 The reciprocal polynomial 

Let us show that there is no restriction, for the statement of Theorem 
[2j to suppose |a:| < \y\. Suppose that Theorem [ 2 ] is proved in the particular case 
|x| < \y\ with the constant /^replaced by (a). Suppose now that we are 
under the hypotheses of Theorem^ and consider a solution ( x,y,e ) eZ 2 x Z^- 
of the inequality \F e (x,y)\ < m with xy 0 and |cc| > \y\. Write a' = a -1 ; let 
g £ Z[Y] be the irreducible polynomial of a': 


d 

g{Y)=Y d f (Y- 1 ) =a d H{Y~a l (a 1 )). 

i= 1 


Put 


d 

e' = £~\ g e '(Y) = a d []( y - *<(<*'<0), G e ,(Y,X) = X d g e ,{Y/X ), 
2—1 


so that 

G e >(Y,X)=F e (X,Y). 
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Consequently, (y,x,e') is a solution of the Thue inequality 


\G e >(y, x)\ < m. 

Since h((ae) _1 ) = h(ae), we deduce from Theorem [ 2 ] applied to G s , with the 
condition \y\ < |rc|, 

max{|s|, e h( “ E) } < 

which allows us to draw the conclusion, by taking />[]]= max{qi6l(o), AfnnfQC 1 ')}. 

From now on, we fix an element (x,y,e) £ £ with \x\ < \y\. The constants 
fi frft /sjtsj, ..., q 63 i which will appear, depend only on h(a), d and to; they are easy 
to calculate explicitly. 


4 Introduction of the parameters A, A, B, B 


Put 

Write 

with £ £ Ff t ors an d a i £ Z for 1 < i < r, and put 


A = max{l, h(ae)}. 


e = Ce? 1 


A = maxjl, |o-i|,..., |a r |}. 

The upper bound 

h(ae) < «i7 A 

follows from more precisely, we may take 

qi 7 l = max{ 1, h(a) + h(ei) + • • ■+h(e r )}. 

The lower bound 

h(ae) > ki$A 

follows from Lemma [5] Consequently, 

TEH 4 < A < ^ink 4 - 


Next put 


/3 = x — aey and B = max{l, h(/?)}. 


So 


F e {x,y) = a 0 Oi(/3) • • • cr d (/3). 


( 11 ) 


Since \F e (x,y)\ < to, it follows from 0, © and Lemma [b] that there exists 
g £ Zk satisfying h(p) < Kiglogm and such that y = /3/g belongs to the 
subgroup of the unit group of Zk generated by ei,... ,e r . Write 



10 


with rational numbers bi,... ,b r and put 

B = max{l, |6i|, |& 2 |,..|6 r |}. 

With the relation /3 = gr /, we deduce from ©> 

B < k 20 (B + log m) 

and from Lemma [5] we get 

B < K 21 (B + log to). 

By using the hypothesis xy ^ 0, we verify that the condition Q(ae) = K 
which appears in the definition of £ implies Q(/3) = Q(f3/ae) = I\. Conse¬ 
quently, for ip and a in <f>, we have 

ip = a -<==>■ ip{ots) = cr(ae) <$=>• <p{/3) = cr(/3) <£=> a(ae)p(/3) = a(f3)p(ae). 


5 Elimination 


5.1 Expressions of x and y in terms of as and (3 

Let ip\ , p< 2 . be two distincts elements of <f>, i.e two distinct embeddings of 
K into C. Let us eliminate x (resp. y) between the two equations 

Pi(l3)=x-Pi (ae)y and (p 2 (P) = x - ip 2 (ae)y,. 

This leads to 

y = - P2(/3) ^ = <pi{0)<p 2 (ae) ~ <P2(P)pi{as) ^ 

ip 2 {ae) - piicis)’ p 2 {ae)-p i(ae) 


5.2 A Siegel unit equation 


Let ipi, <p 2 , P 3 be three elements of <f>, i.e., three embeddings of K into C. 
Write 

Ui = ipi(ae), Vi = ifi(/3) (* = 1,2,3). 

We can eliminate x and y between the three equations 


! V?i(/?) = x-ipi (ae)y 

V 2 {P) = x-tp 2 (ae)y 

PztP) = x-P3 {ae)y 

by writing that the determinant 


1 

ipi{ae) 

Vi(P) 


1 

Zil 

Vi 

1 

ip 2 {ae) 

WiP) 

= 

1 

U 2 

V 2 

1 

p 3 {ae) 

<P3(/3) 


1 

U3 

V3 


is equal to 0, and this leads to the unit equation a la Siegel 


u 1 v 2 - urv 3 + u 2 v 3 - u 2 v i + U3V1 - u 3 v 2 = 0. (13) 
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6 Four privileged embeddings 

Let us denote by a a (resp. cp,) an embedding tp of K into C having the 
property that |</?(ae)| (resp. |</?(/?)|) be maximal among all the elements |</?(ae)| 
(resp. |<^(/3)|) when <p runs through all the embeddings of <f>. Let us denote by 
r a (resp. Tb) an embedding ip of K into C having the property that \ip(ae)\ 
(resp. \ip{j3)\) be minimal among all the elements \ip(ae)\ (resp. \ip(/3)\) when 
ip runs through all the embeddings of <b. We may suppose 77 , 7 ^ 07 ,, V) 7 ^ &b, 
together with r a ^ a a , r a ± a T a . 

These four embeddings will be used in the unit equation in many different 
ways. 


7 About the parameters A and B 

It turns out that if we are under the hypothesis max{ 2 l, B} < re log m, we 
can easily prove Theorem [2] 


7.1 Proof of Theorem [ 2 ] if max{A, B} < k log m 

We indeed have a short proof of Theorem [2] in this case. 

Lemma 14. If n is a real number such that ma x{A, B} < n log m, then the 
conclusion of Theorem^holds true with a constant s[i] depending not only on a 
but also on n. 


Proof. In this proof, the constants qo 2 t < 1551 gall / 426 I depend not only 
on a but also on n. We use (121 with the estimates 


^ P 2 (P)\ < e K22B , 

and the estimates 


\<P 2 {ae) - ¥>i(ae)| > e K23A , 


\pi{j3)p 2 {.oi£) - ^ 2 (/3)<pi(ae)| < e K24(A+B) , 

to successively obtain the upper bounds \y\ < ?u K25 and then |cc| < m K26 . There¬ 
fore it follows that, if an upper bound of both A and B is re log m, the proof of 
Theorem [2] is secured. □ 

The goal is now to show that we can assume that we always are under the 
hypothesis maxjyl, B} < relog?u. In the next two subsections, we show that 
this goal is achieved if we assume that an upper bound of either A or B is 
given by a constant times log?n. This will mean that there is no restriction in 
supposing A and B larger than re 2 7 log m with a constant qm we may assume to 
be sufficiently large. Once more, we could produce a convenient explicit value 
for this constant which will make valid the arguments which will be used. 
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7.2 Proof of Theorem [2] if A < k' log m 

In the next lemma, we prove that if A < k' log m, then we have the inequality 
ma,x{A, B} < re log to, whereupon Lemma 14 states that Theorem [2] holds true. 

Lemma 15. If n' > 0 is a constant such that A < k! log to, then the hypoth¬ 
esis ma x{A, B} < re log m of Lemma 14 holds true with a constant re depending 
upon a and re'. 

Proof. In this proof, the constants / rest N351 M 30 I ^ 32 ! depend not only 
on a but also on re'. Let us use the unit equation ( |13[ ) with the two embeddings 
cr bl T b and a third embedding ip distinct from a b and r b : 


tp((3) tTb(as) - Tb(ae) _ _ _ n(P) <^(ae) - a b (as) 


cr b (l3) p{ae) - Tb(ae) 


a b (/3) <p{as) - Tb(as) 


(16) 


The member on the right side is nonzero, since <p 7 ^ <r b ; it has a modulus 

< e -K2sBgH29]A s j nce 


and 


\r b m<e-^P, W b (p)\>e^P 

<p(as) — ab(ae) 


<p(ate) - n(a£) 


< e 


K 29 A 


7 i = 


Put s = r + 1, and 


<7b(ej)‘ 


I ~~ 


(1 < 3 < r), is = 


SO 


Put 


7i Cl 


' • 7/ = 


v(q) er b (a£) - T b (ae) 

crb(e) <p(ct£) - Tb(ae) 

¥>(0) _ <rb(oi£) - T b (ae) 
a b ((3) ip{ae) - T b (ae) 


= 1 , 


H 1 = 


= H r = K 30 , H s = S[ 3 ofl + log to), C-\ = 2 


B 

1 + log TO 


For 1 < j < r, we have \cj\ < B and 


Ei 

H s 


B 

< ffMff < 


B 


1 + log TO 


< Ci. 


The upper bound 


E 

Hs 


|c 7 -|<C! 


is still valid for j = s since c s = 1. Corollary [9] shows that a lower bound of 
the left member of (16) is given by exp{—re 3 i H s logCi}, whereupon the above 
upper bound and the last lower bound lead to 


e^p{-imiP^ 0 s c E ^ ex p{-*nDS + Tini 4 }- 

Therefore 

'HU® < IWfls lo § Ci + ASf29p4, 

which shows that B < re 3 2 log to, which is what we wanted to establish. □ 
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From now on, without loss of generality we may assume that A is sufficiently 
large, say, A > /^log m. 


7.3 Proof of Theorem [2] if B < k" log m 

In the next lemma, we prove that if B < n" log m, then we have the inequal¬ 
ity max{v4,_B} < k log to, whereupon Lemma 14 states that Theorem 2 holds 
true. 

Lemma 17. If k" > 0 is a constant such that B < n" log to, then the 
hypothesis ma x{A, B} < k log to of Lemma 14 holds true with a constant k 
depending on a and k" . 

Proof. In this proof, the constants s | 36 i , depend not only 

on a but also on n". 


Assume B < n" log to. Let us use the unit equation (13) with the two 
embeddings a a , T a and a third one ip distinct from cr a and r a : 


y(Q!£) _ VaW) - T'a(^) _ 1= T a {ae) _ y>(/3) - cr a (f3) 
<r a (ae) ip(/3) - r a (/3) o- 0 (ae) p(P) ~ r a (/3) 


(18) 


The member on the right side is nonzero, since ip 7 ^ er a ; it has a modulus 
< e _K 33 ^ed 2 ll B since 


\r a {a£)\ < e 43S1 A ) \a a (ae)\ > e'^321 4 and 


p(/3) - v a (P) 


< e 


K 34 S 


Put s = r + 1 and 


7 3 = 




, Cj = a 3 (1 < j < r), 7 S = 


<p(P) ~ T a {0) 
ip(aC) <j a {P) - T a (P) 


SO 


7i Cl 


•7s a = 


O'a(aC) ViP) — T a{P) 

pjas) _ Va(P) ~ T a {/3) 

CTa(ae) <p{P) ~ Tail 3) 


C s = 1, 


Now put 


H X = ■ ■ ■ = H r = K 35 , H s = /^ 35](1 + log to), C\ = 2 ■ 


A 


1 + log m 


Corollary [9] shows that a lower bound of the left member of (18) is given by 
exp{— K 3 sH s log Ci}, whereupon the above upper bound and the last lower 
bound lead to 


exp{—«|36]ffs log Ci} < exp{-«[33]A + t^B}. 


Therefore 


H 33]A < /S[34]B + h log Ci. 


We conclude A < K 37 log m , which is what we wanted to achieve. 


□ 
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7.4 Consequences 

From now on, without loss of generality, we may assume that both A and 
B are larger than sj^logm. Since A is sufficiently large, we have \a a (as)\ > 2 
and |T a (ae)| < 1/2. Similarly, since B is sufficiently large, we have |cr fa (/3)| > 2 
and \n(/3)\ < 1 / 2 . 

By using Lemma [5] with the bounds Q, we deduce that there exist some 
constants K 38 et /C 39 such that 

j < \ aa (a £ )\ < edm 4 , e -iM]A < |r a (a£)| < e”'® 4 , 

( edsnp < | (J& (/3)| < edMP, e-dSP < |r b (^)| < e-dSP. 

Remark. Note that the constant /f^jis sufficiently small (it comes into play 
as a lower bound) while s | 38 l is sufficiently large (it comes into play as an upper 
bound). 

Lemma 20. We have 

\n(ae)\ < 2 and |cr a (/3)| > e K4 ° A . 

Proof. On the one hand, we have 

\x - T b (ae)y\ = \r b {0)\ < 1 < |x|, 
and since \x\ < \y\, we get 


\n(ae)y\ < 2\x\ < 2\y\. 

On the other hand, upon using |x| < |y| and \a a {a.E)\ > 2, we find 

Wa(P)\ > \a a (ae)y\ - \x\ > (|<r a (a£)| - l)|y| > ^\a a (ae)\ > e^. 


□ 


8 An upper bound for A, \x\, \y\ involving B 


From the relation (121, we will deduce in an elementary way the follow¬ 
ing upper bound. 


Lemma 21. We have 


and 


A ^ K 41 B 

logmax{|a:|, |t/|} < k 4 2 P- 
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Proof. Since A is sufficiently large, we have \a a {ae)\ > 2|r a (ae)|. We then 
deduce 

|cr a (ae) - r a (ae)| > -|cr Q (ae)|. 


Let us use (121 with p 2 = cr a and P\ = r a : 

y(a a (ae) - T a (ae)) = r a (/3) - a a (/3). 
The very definition of a b gives the upper bound 

K(/3) - M/3)| < 2|fT 6 (/3)|, 

from which we deduce 


\ya a (ae)\ < A\<j b (/3)\. 


The inequalites 


gUuA < \cr a (a£)\ < \ya a (ae)\ < 4|cr b (/3)| < Ae'^P 


( 22 ) 


imply A < spniE*- From (22) we deduce 

\y\ < Ae^. 

The upper bound for |cc| follows from |a;| < \y\. This concludes the proof of 
Lemma [2lJ □ 

9 On the unicity of Tb 

We plan to show that the embedding r b , that we have defined, is unique. 


Lemma 23. Suppose that there exists p £ <F, p ^ such that we have 

| p{P)\ = M/3)|. Then B < k 43 . 


Proof. Suppose |<p(/3)| = \T b {P)\ with p ^ Tb- Let us use (12) with pi = p, 
p 2 = Tb, under the form 

1 


We have 


From 


we deduce 


-p(ae) + n(ae) = ^ (p(/3) - M/3)). 


|^(ae) - T b {as)\ = - M/3 )\ < ' 

\x - n(ae)y\ = |r fc (/3)| < e ~^SP < i, 


\n(ae)y\ > \x\ - ^ > -• 
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Consequently, 


< , ,J\ <4|r b (/3)|<4e-iMP. 

\n{ae)y\ 


T b (ae) 

Let us write the member on the left in the form I 7 J 1 • ■ • 7(7 — 1| with s = r + 1, 

<p(ti) /■ , \ l fi( a O , 

7i = 7 7) c i = a ii (* = l,...,r), 7a = , C s = 1. 

77 (e*) 77 ( 01 ,) 

From Corollary [To| with 

Hi = ■ ■ ■ = H s = K44, C2 = A, 

(note that C 2 > 2 since A is sufficiently large) we deduce 

\ll---l C s S -1| > e - K45logj4 . 


The above upper bound and the last lower bound lead to 

g-i^iogA 4e -ii9]B 


hence B < K 46 (log A). Using the upper bound A < ffmB of Lemma 21 allows 
us to conclude. □ 


As outlined in f[8j the upper bound B < sn^log m allows to secure the proof 
of Theorem[2j So Lemma 23 allows us to suppose |<p(/3)| > |t&(/?)| for any ip £ $ 
different from 77 . In particular, the embedding 77 is real. This completes the 
proof in the case where the algebraic number field Q(o) is totally imaginary. 


When the algebraic number field K has a unique real embedding, which is 
what we will assume from now on, all embeddings different from 77 are imagi¬ 
nary. In particular, since 07 77 we deduce 07 7 ^ 07 . 


10 An upper bound for B involving A 

Let us use the strategy of j ] 5 . 2 | with the three embeddings 07, 07 and 77. 

Lemma 24. There exists an effectively computable positive constant K 47 
such that 

B < s|77]A. 

Proof. We use the relation ( fTTIj ) with ipi = 07, <p 2 = 07, ip^ = 77, in the form 

07 (/ 3 ) (07(05) - r fc (ae)) - 07(/ 3 )(07(0!!?) - 77(05)) + T b (/3) (o%(cte) - 07(05)) = 0 , 

and we divide by 07(/l) (07(05) — T b (ae )) (which is not 0 ): 

07(ag) ~ njae) _ ^ _ 77 (/ 3 ) 07(05) - 07(05) 
cr b {/ 3 ) 07(05) - r b (ag) ( 7 b(/ 3 ) 07(05) - T b (ae) 
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The member on the right of (25) is nonzero since a b 7 ^ a b . Let us show that its 
modulus is bounded from above by 

e K 4s A e -K 49 B 

On the one hand, we have 

\r b m<e-^P, Mfll > e-EEP; 

on the other hand, an upper bound for the absolute logarithmic height of the 
number 

^ _ dfc(ae) - 

a^(ae) - T b (ae) 

is given by re 50 ri, hence |5| < edSf 4 . 

Let us write the term 

qfc(/3) o-frQe) - T b {ae) 

<Jb(P) Ob{ae) - Tb(ae) 


which appears on the left side of (251 in the form y ^ 1 • • • 7 °" with s = r + 1 , and 

0 ^( 0 ) 


7 3 = 


a b(Cj)' 


Cj=bj (j = l,...,r), 


7s = =7 


cr b (a £) - Tb(ae) cr b (g) 


c. = 1. 


cr b (o;£) - T b (ae) cr b (g) } 

We have h(y s ) < k 5 i A. 

With 

Hi = • • • = H r = K 52 , if s = «{52]d, 


we have, using Lemma 21 


Moreover, with 


Hj | , K 53 -B 

max —- c,- <- 

l_ J? a 


C ' = 2 + T 


we obtain from Corollary [TO] that a lower bound of the modulus of the left 
member of (25) is given by exp{— k$/iH s logCi}. The above upper bound and 
the last lower bound lead to 

exp{—log Ci} < exp{-s[| 9 p + wgsjA}. 

Consequently, 


Therefore, 


< TH' 4 + i^H s log C\. 


2 + — = Ci < K 55 log Ci, 


which allows to conclude Ci < K 56 , namely B/A< s itti . 


□ 
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11 Ultimate diophantine argument 


We will use the strategy of §5.2| with the three embeddings <r a ,^a,n- 

Lemma 26. We have 

A + B , A+B 

1- < K57 Wg —T- 

log m 1 + log to 


Proof. We use the relation (13) with </?! = er a , <p 2 = cr a , = r b under the 
form 


a a (ae)a a (P) _ n{P) 


a a (ae)a a (P) 


cr a {/3 ) \o- a (ae) 


<?a(a£) _ A T b (ae) 


cr a (ae) \o- a (/3) 


m 


- 1 


(27) 


The left member of (27) is not 0 since cr a ^ o a . The inequalities (1191 and 


Lemma [20] indicate that we have 

\n(/3)\ < e~^P, \ Tb {ae)\ < 2 , |cr a (/3)| = |o^(/3)| > e'®' 4 . 

Since 


max 


.(«£) 


- 1 


a a (as) 

we deduce that each of the two terms 

n(l 3) / (T a (ae) _ 


OaW) 
Ca(/3) 


- 1 


< 2 , 


cr a (/3) \a a {ae) 

5 h 

a a {a£)og{l3) 
Oa(a£)a a {/3 ) 


a „d nM/'£4a_ 1 


(J Q (ae) V^aC#) 


of the right member of (27) has a modulus bounded from above by e K5s4 . 
Let us write 


= li ■ ■ ■ 7s 


with s = r + 1 and 


^ = = 7 —, c i = a i -h i (* = 1 ,..., r), 


7s = =7 




The absolute logarithmic height of is bounded from above by 

h(7s) < ^59 log TO. 

Let us also write 


c s = 1 . 


Hi = ■ ■ ■ = H r = k 60 , H s = a^o ](1 + log to), Ci = 2 • 


A + B 

1 + log TO 


Corollary 10 implies that the modulus of the left member of (27) has a lower 


bound given by exp{— kq\H s log Ci}. The above upper bound and the last lower 
bound lead to 

exp{— «|6T]ffs log C\} < 2exp{— *[ 58 ]A} . 

Consequently, 


A + B 


log TO 

This completes the proof of Lemma [26] 


< K 62 l 0 gCi. 


□ 
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12 End of the proof of Theorem [2] 

Thanks to Lemma l2ll we have 


A < S[4T \B 

while from Lemma [24] we deduce 


B < 


and from Lemma [26] we have 


A + B 
log m 


< «H7]l0g 


A + B 

1 + log TO 


We conclude max{A, B} < « 63 logTO, and this is what we wanted to show in 
order to apply Lemma [l4j 
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